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Abstract
Effects of boundary conditions of fields for compactified space directions on the
supersymmetric gauge theories are discussed. For general and possible boundary
conditions the supersymmetry is explicitly broken to yield universal soft supersym-
metry breaking terms, and the gauge symmetry of the theory can also be broken
through the dynamics of non-integrable phases, depending on number and the rep-
resentation under the gauge group of matters. The 4-dimensional supersymmetric
QCD is studied as a toy model when one of the space coordinates is compactified
on S1.
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1 Introduction
Our space-time dimensions may be larger than four at fundamental scale such as
the Planck scale. Actually, it must be so for consistency of the (super) string theories[1].
In our laboratories, however, we know that our space-time dimensions are four, so that
extra space coordinates must be compactified by certain mechanism. Mechanism of the
compactifications is still unknown, but physical consequences of compactifications have
been studied in various theories since the proposal by Kaluza-Klain[2].
One must specify boundary conditions of fields for compactified directions if space
is multiply-connected. We do not know, a priori, what boundary conditions should be
imposed on the fields for the directions. This is very contrary to the case of the finite
temperature field theory, in which the boundary conditions for the euclidean time direction
is determined definitely by the quantum statistics of particles.
We shall consider general and possible boundary conditions in supersymmetric gauge
theory. One can require that the fields return to their original values up to phases propor-
tional to their charges of global symmetry transformations when the fields travel along the
compactified directions[3][4]. The global symmetry transformations must be symmetry of
the theory. The lagrangian is automatically single-valued even if the fields have such the
boundary conditions.
In a previous paper[5] we studied the effect of the boundary condition associated
with the U(1)R symmetry on the supersymmetry breaking in the supersymmetric QED.
The translational invariance for the compactified direction is broken by the boundary
condition, so that the variation of action under the supersymmetric transformations does
not vanish and remains as surface terms. The supersymmetry is explicitly broken due to
the boundary condition. All the effects of the supersymmetry breaking turn out to appear
in the lagrangian as the soft supersymmetry breaking terms whose coupling constants are
given by an unique parameter and the gauge coupling.
In addition to the boundary condition mentioned above, we can consider the boundary
condition associated with the global gauge symmetry in supersymmetric gauge theories.
The boundary condition is closely related with the non-integrable phases of the gauge
field along the compactified direction, which is dynamical degrees of freedom in multiply-
connected space[3][4]. The boundary condition does not break the supersymmetry, but
instead, it can break the gauge symmetry of the theory through the dynamics of the
non-integrable phases.
In this paper we shall investigate the supersymmetric gauge theory, namely, the super-
symmetric QCD (SQCD) when the theory, in which the fields have general and possible
boundary conditions for the compactified directions, is compactified. In order to study it
as analytically as possible, we shall consider a toy model such that the SU(N) SQCD is
compactified on M3 ⊗ S1. In the next section we will define the boundary conditions of
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the fields for the S1 direction. And we will discuss how the boundary condition associated
with the U(1)R symmetry breaks the supersymmetry and how the soft supersymmetry
breaking terms appear in the lagrangian. In the section 3 we will give brief summary on
the dynamics of the non-integrable phases in multiply-connected space. Then, we will
evaluate the effective potential for the non-integrable phases in the SQCD to find how
the gauge symmetry is broken. The symmetry breaking depends on number and the rep-
resentation under the gauge group of matters. The final section is devoted to conclusions
and discussions.
2 Soft Supersymmetry Breaking Terms
In this section we shall show how the boundary condition associated with the U(1)R
symmetry breaks the supersymmetry and how the soft supersymmetry breaking terms
appear in a toy model, 4-dimensional SU(N) SQCD compactified on M3⊗S1, where M3
is the 3-dimensional Minkowski space-time, and S1 is a circle. We use a notation such as
xµˆ ≡ (xµ, x3) ≡ (x, y) and denote the length of the circumference of the S1 by L.
2.1 Boundary Conditions and Surface Terms
The lagrangian we consider is given by
LSQCD = 1
2
tr
[
WAWA + h.c.
]
F
= tr
[
−1
2
FµˆνˆF
µˆνˆ − iλσµˆDµˆλ¯+ iDµˆλσµˆλ¯+D2
]
. (1)
The subscript F in (1) means F -term. The WA is the spinorial chiral superfield con-
structed by the vector superfield V in the Wess-Zumino gauge[6]. The A(= 1, 2) stands
for a two-component Weyl spinor index. The WA(≡ W aAT a) contains the vector boson
Aµˆ (gluon), a two-component Weyl fermion λA (gaugino) and the auxiliary field D. The
auxiliary field is eliminated by the equations of motion for it. The T a(a = 1, · · · , N2 − 1)
is the generator of SU(N) gauge group. The Fµˆνˆ is the field strength for the gluon.
Under the supersymmetric transformations defined by
δξAµˆ = ξσµˆλ¯− ξ¯σ¯µˆλ, δξλ = ξD + σµˆνˆξFµˆνˆ ,
δξD = iξσ
µˆDµˆλ¯+ iξ¯σ¯
µˆDµˆλ,
the lagrangian varies as δξLSQCD = ∂µˆX µˆ, where X µˆ is calculated as
X µˆ =
[
−ξσνˆ λ¯aF aµˆνˆ + i
2
ξσρˆσˆσµˆλ¯aF aρˆσˆ +
i
2
ξσµˆλ¯aDa + h.c.
]
.
The ξ is the supersymmetric transformation parameter of a two-component constant Weyl
spinor. The lagrangian (1) is invariant under the U(1)R transformation defined by
WA(θ)→ eiβWA(e−iβθ).
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The θ is the superspace coordinate. In terms of the component fields, the transformations
can be written as
λA → eiβλA, Aµˆ → Aµˆ, D → D,
We see that the U(1)R charges are different between the bosons and the fermions in a
supermultiplet WA.
We define the boundary conditions of the fields for the S1-direction as follows;
Aµˆ(x, y + L) = UgAµˆ(x, y)U
†
g ,
λ(x, y + L) = eiβUgλ(x, y)U
†
g ,
D(x, y + L) = UgD(x, y)U
†
g , (2)
where Ug is a constant SU(N) matrix. The lagrangian (1) is still single-valued even if the
fields have such the boundary conditions. If the fields have the boundary condition (2),
the surface term,
δξSSQCD =
(∫
dx X3(x, y)
)
|S1
does not vanish because there is a difference between X3(x, y+L) and X3(x, y) due to the
non-trivial phase eiβ in (2). Note that the supersymmetric transformation parameter ξ
obeys the periodic boundary condition. The X3 is the third space-component of the total
derivative X µˆ. The translational invariance for the S1 direction is broken by the boundary
condition, so that the supersymmetry is explicitly broken. Note that Ug associated with
the global gauge symmetry does not break the translational or supersymmetric invariance.
2.2 Gauged U(1)R Transformation
For a moment, let us notice the boundary condition associated with the U(1)R symmetry,
that is, the non-trivial phase eiβ in (2). We shall discuss the importance of Ug on the
gauge symmetry breaking in the section 3.
When we expand the fields in the Fourier series for the S1 direction,
Aµˆ(x, y) =
1√
L
∑+∞
n=−∞A
(n)
µˆ (x)e
2pii
L
ny, λ(x, y) = 1√
L
∑+∞
n=−∞ λ
(n)(x)e
2pii
L
(n+ β
2pi
)y,
D(x, y) = 1√
L
∑+∞
n=−∞D
(n)(x)e
2pii
L
ny, (3)
we observe that λ(x, y) given in (3) can be redefined so as to satisfy the periodic boundary
condition by gauged U(1)R transformation whose parameter depends linearly only on the
compactified coordinate y [7][8];
λ(x, y) = UR(y)λ˜(x, y), U(y)R ≡ ei
β
L
y, (4)
where λ˜(x, y) satisfies λ˜(x, y + L) = λ˜(x, y).
4
As discussed in the previous paper[5], the supersymmetry breaking terms become
manifest in the lagrangian by redefining the fields so as to satisfy the periodic boundary
condition. By using (4), LSQCD can be recast in terms of (Aµˆ, λ˜) as
LSQCD = L˜SQCD + L˜softSQCD,
where L˜SQCD has the same form with the original lagrangian except that all the fields
satisfy the periodic boundary condition. And L˜softSQCD is obtained as
L˜softSQCD = UR∂µˆU †Rtr
[
−2iλ˜σµˆ ˜¯λ
]
= −2β
L
tr(ψ¯1ψ1 + ψ¯2ψ2),
where we have used the Majorana spinors in the 3-dimensions defined by λ˜TM ≡ (ψ1, iψ2)T .
The λ˜M is the 4-component Majorana spinors constructed by λ˜
T
M = (λ˜,
˜¯λ)T . The super-
symmetry breaking terms are the gaugino masses whose coupling constants are given by
an unique parameter β. The L˜softSQCD is generated through the derivative in the kinetic
term for the gaugino, where the gauged U(1)R transformation (4) is not respected as
symmetry of the theory.
We can define the modified supersymmetry transformations for (Aµˆ, λ˜). The explicit
breaking of the supersymmetry due to (2) also becomes manifest by the variation of
LSQCD under the modified supersymmetry transformations. We find
δ˜ξLSQCD = ∂µˆX˜ µˆ + [UR∂µˆU †R]δ˜ξtr
[
−2iλ˜σµˆ ˜¯λ
]
, (5)
where δ˜ξ defines the modified supersymmetric transformations. The boundary condition
associated with the U(1)R symmetry breaks the supersymmetry explicitly as shown in
the second term in (5). As we expected, the breaking of the supersymmetry is entirely
due to the locality of the gauged U(1)R transformation, i.e. UR∂µˆU
†
R.
2.3 Supersymmetry Breaking Terms from Matters
Let us discuss what types of the supersymmetry breaking terms appear if we add matters.
We introduce massive matter superfields QI(Q
I
) which belong to the (anti) fundamental
representation under SU(N) gauge group. The I(= 1, · · · , NF ) stands for flavour index.
The QI(Q
I
) contains a complex scalar field φqI(φ
I
q), a two-component Weyl fermion qI(q
I)
and the auxiliary field FqI(F
I
q ). In appendix we present the explicit form of the lagrangian
for the matters and its variation under the supersymmetry transformations in the 4-
dimensions.
The U(1)R symmetry, which is symmetry of the theory, is defined by
QI(θ)→ eiβQI(e−iβθ), QI(θ)→ eiβQI(e−iβθ). (6)
In terms of the component fields, the transformations can be written as
φqI → eiβφqI , qI → qI , FqI → e−iβFqI ,
φIq → eiβφIq, qI → qI , F Iq → e−iβF Iq . (7)
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We see that the U(1)R charges are different between the bosons and the fermions in each
supermultiplet QI , Q
I
.
The boundary conditions we take are
φqI(x, y + L) = e
iβUgφqI(x, y), φ
I
q(x, y + L) = e
iβUgφ
I
q(x, y),
qI(x, y + L) = UgqI(x, y), q
I(x, y + L) = U gq
I(x, y),
FqI(x, y + L) = e
−iβUgFqI(x, y), F Iq (x, y + L) = e
−iβU gF Iq (x, y),
(8)
where Ug, U g are constant SU(N), SU(N ) matrices, respectively. Their importance on
the gauge symmetry breaking are discussed in the next section. Under the supersym-
metry transformations, the lagrangian varies as δξLmatters = ∂µˆX µˆmatters. The third space
component of the total derivative X3matters do not return to their original values after
the translation along the S1-direction due to the non-trivial phase in (8). Therefore, the
supersymmetry is explicitly broken.
When we expand the fields in the Fourier series for the S1-direction, we find
φqI(x, y) = UR(y)φ˜qI(x, y), φ
I
q(x, y) = UR(y)φ˜
I
q(x, y),
FqI(x, y) = U
†
R(y)F˜qI(x, y), F
I
q (x, y) = U
†
R(y)F˜
I
q (x, y).
(9)
As before, the fields can be redefined so as to satisfy the periodic boundary condition
by the gauged U(1)R transformation UR(y) = e
i β
L
y. The φ˜qI , φ˜
I
q, F˜qI and F˜
I
q satisfy the
periodic boundary condition.
The supersymmetry breaking terms manifestly appear by rewriting the lagrangian in
terms of the fields with the periodic boundary condition. By using (9), we obtain
LSQCD + Lmatters = L˜SQCD + L˜matters + L˜soft,
where L˜SQCD and L˜matters are the same form with the original lagrangian except that all
the fields satisfy the periodic boundary condition. The L˜soft is generated through the
derivatives in the kinetic terms for the gaugino and the squark, where the gauged U(1)R
transformation by UR(y) is not respected as symmetry of the theory. The supersymmetry
breaking terms are never generated from the superpotential W (Q,Q) because there are
no derivatives in it. The L˜soft is obtained as
L˜soft = UR(y)∂µˆU †R(y)
[
tr
(
−2iλ˜σµˆ ˜¯λ
)
+
∑
I
(
φ˜†qI(D
µˆφ˜qI)− (Dµˆφ˜qI)†φ˜qI
)
+
∑
I
(
φ˜I†q (D
µˆφ˜Iq)− (Dµˆφ˜Iq)†φ˜Iq
)]
+ |∂µˆUR(y)|2
∑
I
(∣∣∣φ˜qI
∣∣∣2 +
∣∣∣φ˜Iq
∣∣∣2
)
−→ − 2β
L
tr(ψ¯1ψ1 + ψ¯2ψ2) + (
β
L
)2
∑
I
(
∣∣∣φ˜qI
∣∣∣2 +
∣∣∣φ˜Iq
∣∣∣2)
+
2βg
L
∑
I
(φ˜†qIT
aφ˜qI − φ˜IqT aφ˜I†q )Φa. (10)
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The g is the gauge coupling constant. The→ in (10) means that the dimensional reduction
from D = 4 to D = 3 is carried out, ignoring the Kaluza-Klain modes (n 6= 0) in the
Fourier series. We have denoted the gauge field for the S1-direction Aa3 as Φ
a. The Φa is
real scalar field which belongs to the adjoint representation under the gauge group. We
realize again that the supersymmetry breaking is entirely due to the locality of the gauged
U(1)R transformation, i.e. UR∂µˆU
†
R and |∂µˆUR|2.
We find that the supersymmetry breaking terms are the scalar mass and the trilinear
scalar terms whose couplings depend only on an unique parameter β and the gauge cou-
pling g. As the remarkable consequence, the supersymmetry breaking terms generated
in this mechanism are common to all flavours and are soft breaking. This is because the
derivative ∂µ are common to all flavours and has mass dimension one, so that the cou-
plings generated through the derivative are always universal and dimensional couplings.
The universality may be needed to avoid the FCNC.
We also mention the supertrace of the squared mass matrix StrM2 = ∑J(−)2J (2J +
1)M2J = 0, where J stands for the spin of the particles. In our case the masses for the
gaugino and the quarks are β/L and m, respectively. On the other hand, the mass for
the squarks is m2− (β/L)2. The gluon Aaµ and the scalar Φa are massless. It is evaluated
as[9]
StrM2 = 2(m2 − (β/L)2)− 2(m2 + (β/L)2) = −4(β/L)2 6= 0. (11)
This result is expected because the supersymmetry is broken explicitly in our case. This
may be desirable when we try to build models with the soft supersymmetry breaking
terms based on our mechanism.
One may think that the boundary condition associated with the global flavour sym-
metry is possible. The boundary condition, however, does not break the supersymmetry
because their charges of global flavour transformations are the same between the bosons
and the fermions in a supermultiplet. In this case we would obtain supersymmetric in-
variant soft terms generated by the same manner discussed in this section.
3 Non-integrable Phase and Its Dynamics in SQCD
We have discussed that the boundary condition associated with the U(1)R symmetry
breaks the supersymmetry. In this section we shall discuss the role of the boundary
condition associated with the global gauge symmetry, which have been ignored in the
previous section. Readers familiar with this topics can skip argument below and go to
the subsection 3.1 directly. Details discussions are given in[4].
For general discussions we shall consider SU(N) SQCD onMD−n⊗T n in this section,
where MD−n and T n are (D−n)-dimensional Minkowski space-time and n-torus, respec-
tively. The xµ(µ = 0, 1, · · · , D−(n+1)) are the coordinates ofMD−n, and ya(a = 1, · · · , n)
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are those of T n. We use a notation xµˆ (or x) which stands for xµˆ ≡ x ≡ (xµ, ya). We
define the boundary conditions as follows;
Aµˆ(x
µ, · · · ya + La · · ·) = UagAµˆ(xµ, · · · ya · · ·)Ua†g ,
λ(xµ, · · · ya + La · · ·) = eiβUag λ(xµ, · · · ya · · ·)Ua†g . (12)
The La(a = 1, · · · , n) is the length of the circumference of each circle, and a constant
matrix Uag (a = 1 · · ·n) ∈ SU(N). The lagrangian is still single-valued with the fields
having the boundary conditions. We symbolically denote the boundary condition as
Uag (a = 1, · · · , n). In order to fix a theory with the boundary conditions (12) definitely, a
set of Uag (a = 1, · · · , n) has given for any configurations of the fields Aµˆ, λ.
There exists a class of gauge transformation which does not change the boundary
condition Uag . We denote the class of the gauge transformation by Ω(x). Under the gauge
transformation Ω(x), the fields transform as
Aµˆ(x)→ A′µˆ(x) = Ω(x)Aµˆ(x)Ω†(x) +
i
g
Ω(x)∂µˆΩ
†(x)
λ(x)→ λ′(x) = Ω(x)λ(x)Ω†(x).
The boundary conditions for the transformed fields A′µˆ, λ
′ are the same with those for
Aµˆ, λ. Hence, we have
Uag = Ω(x
µ, ya + La)UagΩ
†(xµ, ya). (13)
We can consider another class of the gauge transformation by which the boundary
condition is changed. Let us denote such gauge transformation by T (x). Under the
transformation by T (x), the fields are redefined in the form of the gauge transformation
by
A′µˆ(x) = T (x)Aµˆ(x)T †(x) +
i
g
T (x)∂µˆT †(x),
λ′(x) = T (x)λ(x)T †(x).
In order for the redefined fields A′µˆ, λ
′ to satisfy (12) with new boundary condition Ua′g ,
we have
Ua′g = T (xµ, ya + La)Uag T †(xµ, ya). (14)
The gauge transformations T (x) ( and Ω(x) ) must satisfy
∂µˆ
[
T (xµ, ya + La)Uag T †(xµ, ya)
]
= 0
to maintain the x-independence of (new) boundary condition.
Let us assume 〈Fµˆνˆ〉 = 0 in the vacuum, and it follows that
〈Aµˆ〉 = i
g
V †(x)∂µˆV (x). (15)
8
It is important to note that this pure gauge configuration, in general, is physically dis-
tinct from 〈Aµˆ〉 = 0 in multiply-connected space because the transformation with T (x)
change the boundary condition as seem from (14). The V (x) is determined by quantum
effects as a function of Uag up to a global gauge transformation. If we perform the gauge
transformation with T (x) = V (x), then we have 〈A′µˆ〉 = 0 with new boundary condition
such as
Ua:invg ≡ Ua′g = V (xµ, ya + La)Uag V †(xµ, ya). (16)
Since Ua:invg is the boundary condition for 〈A′µˆ〉 = 0, the symmetry of the theory is
generated by the generators of the gauge group which commute with Ua:invg . The gauge
transformation which satisfy
Ω(xµ, ya + La) = Ua:invg Ω(x
µ, ya)Ua:inv†g (x
µ, ya) (17)
is large gauge transformation under which the non-integrable phases are invariant. We
will find that this invariance is reflected in the effective potential for the non-integrable
phases.
Let us show that Ua:invg is closely related with the path-ordered integral along a loop
C of the compactified coordinate;
W ac (C) ≡ Pexp[−ig
∫
C
dyaAa]Ug, (a = 1, · · · , n).
We can define n numbers of path-ordered integrals for each gauge field Aa(a = 1, · · · , n)
along each compactified coordinate ya(a = 1, · · · , n). For the pure gauge configuration
(15), it is evaluated as
W ac (C) = V
†(xµ, ya)V (xµ, ya + La)Uag . (18)
Hence, from (16), W ac (C) is related to U
a:inv
g as
W ac (C) = V
†(xµ, ya)Ua:invg V (x
µ, ya).
The eigenvalues of Ua:invg or W
a
c (C) are called non-integrable phases, which are important
quantities in discussing the gauge symmetry breaking of the theory.
One of the boundary conditions Uag (a = 1, · · · , n) for the gauge field Aa can be di-
agonalized by utilizing the degrees of freedom of global gauge transformation. Here we
assume that all of them have a diagonal form as a special case;
Uag =


eiλa,1
. . .
. . .
eiλa,N


,
N∑
i=1
λa,i = 0, (a = 1, · · · , n), (19)
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where i(= 1, · · · , N) stands for the indices of SU(N) gauge group. Let us perform the
gauge transformation T (y) given by
T (y) =


eiϕ1
. . .
. . .
eiϕN


, with ϕi ≡
n∑
b=1
hb,i
Lb
yb,
N∑
i=1
hb,i = 0. (20)
Under the gauge transformation with (20), the boundary condition (19) changes to
Ua′g = T (ya + La)Uag T †(ya)
=


ei(λa,1+ha,1)
. . .
. . .
ei(λa,N+ha,N )


. (21)
We can redefine the fields so as to satisfy the periodic boundary condition by choosing
λa,i = −ha,i. New gauge field with Ua′g = 1N×N is redefined as
A′µˆ = T AµˆT † +
i
g
T ∂µˆT † = T AµˆT † + δµˆ,a 1
gLa


ha,1
. . .
. . .
ha,N


. (22)
We see that the effect of the boundary condition shifts the gauge field by the constant,
the second term in (22). New gauge field A′a(a = 1, · · · , n) satisfies the periodic boundary
condition Ua′g = 1N×N , so that we expect 〈A′a〉 to be constant. Hence, we parameterize it
as follows;
〈A′µ〉 = 0, (µ = 0, 1, · · ·D − (n + 1))
〈A′a〉 = 1gLa


θa,1
. . .
. . .
θa,N


,
∑N
i=1 θa,i = 0. (23)
The constant background gauge field (23) can be written in the pure gauge form;
〈A′a〉 =
i
g
V ′†(y)∂aV
′(y), (24)
where V ′(y) is given by
V ′(y) =


e−i
∑n
b=1
θb,1
Lb
yb
. . .
. . .
e−i
∑n
b=1
θb,N
Lb
yb


∈ SU(N).
10
Under the gauge transformation with V ′(y), new boundary condition for 〈A′′a〉 = 0 is
obtained as
Ua′′g = V
′(ya + La)U ′gV
′†(ya) =


e−iθa,1
. . .
. . .
e−iθa,N


≡ Ua:invg . (25)
On the other hand, the path-ordered integral for (24) is evaluated as
W ac (C) = V
′†(xµ, ya)V ′(xµ, ya + La)Ua′g = V
′†(xµ, ya)Ua:invg V
′(xµ, ya),
where we have used (25). The θa,i(a = 1, · · · , n ; i = 1, · · · , N) is the eigenvalue of W ac or
Ua:invg , that is, non-integrable phase.
One can return to the original gauge field 〈Aa〉 from (24) by the transformation with
T −1(y). We would also obtain the same Ua:invg with (25) in this gauge.
3.1 Effective Potential for Non-integrable Phases in SQCD
Now, let us discuss the dynamics of the non-integrable phases, which are dynamical
degrees of freedom and can not be gauged away in a multiply-connected space. We shall
compute the effective potential for the non-integrable phases in the SQCD. It is worth
noting that at the tree-level the effective potential does not depend on the non-integrable
phases, and the vacuum has the continuous degeneracy. The quantum effects, however,
lift the degeneracy. We shall use the perturbation theory in one-loop approximation
based on the background field method in the Feynman gauge. The effective potential
for the non-integrable phases have been evaluated in non-supersymmetric gauge theories
[3][4][10][11][12].
We understand that the effects of the boundary condition associated with the global
gauge symmetry are interpreted as the constant background gauge field with the periodic
boundary condition[13]
〈Aa〉 = 1
gLa


θa,1
. . .
. . .
θa,N


, (a = 1, · · · , n) with
N∑
i=1
θa,i = 0. (26)
The θa,i is the eigenvalue of the non-integrable phase which we shall determine dynami-
cally. The field strength for (26) vanishes, 〈Fµˆνˆ〉 = 0. According to the prescription of the
background field method, we obtain the effective potential for the non-integrable phases
in the D-dimensional SQCD as follows;
V SQCDeff = Vg+gh + Vgaugino
= − i
2
(D − 2)
∫
k
Tr ln [DµˆD
µˆ] +
i
2
(r2[
D
2
])
∫
k
Tr ln [DµˆD
µˆ]. (27)
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The Vg+gh, Vgaugino stand for the contributions from gauge-ghost, gaugino, respectively.
The D − 2 in (27) is the number of on-shell bosonic degrees of freedom, and r2[D/2] is
the one of fermionic degrees of freedom, where the factor r = 1/2 if the gaugino λ is a
Majorana or Weyl, and r = 1/4 if λ is a Majorana-Weyl.
We can expand the fields in the Fourier series for T n-direction as
[Aµˆ(x)]ij =
1√∏n
a=1 L
a
∑
n1···nn
[A
(n1···nn)
µˆ (x
µ)]ij exp(
n∑
a=1
2pii
La
nay
a),
[λ(x)]ij =
1√∏n
a=1 L
a
∑
n1···nn
[λ(n1···nn)(xµ)]ij exp(
n∑
a=1
2pii
La
(na +
β
2pi
)ya), (28)
where i, j are indices of SU(N) gauge group. The effect of the boundary condition asso-
ciated with the U(1)R symmetry manifestly appear in the momentum of the compactified
direction as pa =
2pi
La
(na+
β
2pi
)(a = 1, · · · , n) for the gaugino field. The covariant derivative
Dµˆ in (27) is the one with the constant background gauge field (26), which is evaluated
as
[
DµˆD
µˆ
]
ij
= DµD
µ +DaD
a, (µ = 0, 1, · · ·D − (n+ 1) ; a = 1, · · · , n)
= ∂2µ −D2a
= ∂2µ −
n∑
a=1
[∂a − i
La
(θa,i − θa,j)]2.
Then, (27) becomes
V SQCDeff =
1
2
(D − 2) ∑
n1···nn
N∑
i,j=1
1√∏n
a=1 L
a
×
∫ dD−np
(2pi)D−n
ln
[
p2 +
n∑
a=1
(
2pi
La
)2(na − θa,i − θa,j
2pi
)2
]
ij
− 1
2
r2[D/2]
∑
n1···nn
N∑
i,j=1
1√∏n
a=1 L
a
×
∫ dD−np
(2pi)D−n
ln
[
p2 +
n∑
a=1
(
2pi
La
)2(na − θa,i − θa,j − β
2pi
)2
]
ij
. (29)
The off-diagonal (i 6= j) components contribute to the effective potential.
It is clear that if β = 0, the effective potential vanishes for any values of θ’s in
the space-time dimensions D = 3, 4, 6, 10 because of the equal number of physical de-
grees of freedom between the bosons and the fermions in the supersymmetric Yang-Mills
theory[16];
(D − 2)− r2[D/2] = 0 for


D = 3, r = 1
2
,
D = 4, r = 1
2
,
D = 6, r = 1
2
,
D = 10, r = 1
4
.
12
The β = 0 restores the supersymmetry to yield the vanishing effective potential for any
values of θ’s due to the non-renormalization theorem in the supersymmetric theories.
The eigenvalues of the non-integrable phases can not be determined dynamically in this
case. The boundary condition associated with the U(1)R symmetry explicitly breaks the
supersymmetry to yield non-vanishing effective potential. We can, in principle, determine
the non-integrable phases dynamically as the minimum of the effective potential (29).
3.1.1 Pure SQCD
In order to demonstrate dynamical determination of the non-integrable phases as analyti-
cally as possible, we consider a toy model, 4-dimensional SQCD compactified onM3⊗S1.
In this case the boundary conditions we take are reduced from (12) to
Aµˆ(x
µ, y + L) = UgAµˆ(x
µ, y)U †g , λ(x
µ, y + L) = eiβUgλ(x
µ, y)U †g . (30)
The effective potential is evaluated as
V SQCDeff = −(4− 2)
Γ(2)
pi2L4
N∑
i,j=1
∞∑
n=1
1
n4
cos(n(θi − θj)) + 1
2
22
Γ(2)
pi2L4
∞∑
n=1
1
n4
cos(n(θi − θj − β)).
(31)
We keep only θ-dependent terms after the momentum integrations in (29). Moreover, if we
assume that the gauge group is SU(2), we have only one order parameter θ1 = −θ2 ≡ θ.
The summation with respect to the Fourier mode n can be done by the formula;
F (t) ≡
∞∑
n=1
1
n4
cosnt = − 1
48
t2(t− 2pi)2 + pi
4
90
for 0 ≤ t ≤ 2pi. (32)
Using this formula, we obtain
V˜ SQCDeff ≡
V SQCDeff
2/pi2L4
= −2F (t) + [F (t− β) + F (t+ β)] ≡ −2F (t) +G(t, β), (33)
where we have defined t ≡ 2θ and G(t, β) ≡ F (t− β) +F (t+ β). The F (t) stands for the
gauge and ghost contributions, and G(t, β) stands for the gaugino contribution.
The F (t) and G(t, β) have properties such that F (t) = F (−t) = F (t + 2pim) and
G(t, β) = G(−t, β) = G(t,−β) = G(t + 2pim, β) = G(t, β + 2pim), respectively. The m
is integer. The effective potential has the periodicity V SQCDeff (t, β) = V
SQCD
eff (t+ 2pim, β).
The periodicity of the effective potential is traced back to the large gauge transforma-
tion generated by Ω(x) in (17). There is also the periodicity such as V SQCDeff (t, β) =
V SQCDeff (t, β + 2pim). This periodicity follows from the redefinition of the gaugino field
λ→ e2pimy/Lλ.
By straightforward calculations, we find
V˜ SQCDeff = −
β2
12
[
3t2 − 6pit + 2pi2 + 1
2
β2
]
≥ V˜eff(t = 0 (mod 2pi), β).
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The eigenvalues of the non-integrable phases are determined dynamically at θ = 0 (mod pi)
as the minimum of the effective potential. In this case the gauge symmetry is not broken
because U invg = 12×2 commutes with all the generators of SU(2) gauge group. Note that
the parameter β is not the order parameter of the effective potential.
3.1.2 Matters in the Fundamental Representation
If we add massive matters Q(φq, q) and Q(φq, q), then, additional contributions to the
effective potential arise from quarks q, q and squarks φq, φq. The U(1)R symmetry are
defined by (6), from which we see that the squarks have the U(1)R charges, but the
quarks do not have them. The boundary conditions of these fields are defined by (8).
The effective potential for the non-integrable phases arising from the (s)quarks is[14]
V fdeff = V
fd
squarks + V
fd
quarks
= − i
2
(2NF × 2)
∫
k
Tr ln [DµˆD
µˆ] +
i
2
2NF × (r2[D2 ])
∫
k
Tr ln [DµˆD
µˆ], (34)
where NF is number of the flavour. The superfields Q, (Q) belong to the (anti) funda-
mental representation under SU(2) gauge group. The covariant derivative Dµˆ in (34) is
evaluated for these representations as
[
DµˆD
µˆ
]
ij
= DµD
µ +DaD
a, (i = 0, 1, · · ·D − (n+ 1) ; a = 1, · · ·n)
= ∂2µ −D2a
=
[
∂2µ −
n∑
a=1
[∂a − i
La
θa,i]
2
]
δij .
Hence, we obtain
V fdeff =
1
2
2NF × 2
∑
n1···nn
N∑
i=1
1√∏n
a=1 L
a
×
∫
dD−np
(2pi)D−n
ln
[
p2 +
n∑
a=1
(
2pi
La
)2(na − θa,i − β
2pi
)2
]
− 1
2
2NF × r2[D/2]
∑
n1···nn
N∑
i,j=1
1√∏n
a=1 L
a
×
∫
dD−np
(2pi)D−n
ln
[
p2 +
n∑
a=1
(
2pi
La
)2(na − θa,i
2pi
)2
]
.
In the 4-dimensions, this yields, keeping only θ-dependent terms after the momentum
integrations,
V fdeff = −2NF × 2
Γ(2)
pi2L4
∞∑
n=1
N∑
i=1
1
n4
cos(n(θi − β)) + 2NF × 1
2
22
Γ(2)
pi2L4
∞∑
n=1
N∑
i=1
1
n4
cos(nθi),
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Then, for SU(2) case, we obtain
V˜ fdeff ≡
V fdeff
2/pi2L4
= NF
[
−2×
[
F (t/2− β) + F (t/2 + β)
]
+ 2× 2× F (t/2)
]
≡ NF
[
−2G(t/2, β) + 2× 2× F (t/2)
]
for 0 ≤ t/2 ≤ 2pi.
The G(t/2, β) ≡ F (t/2 − β) + F (t/2 + β), F (t/2) stands for the contributions from the
squarks, quarks, respectively. As before, if β = 0, the supersymmetry is restored, and
V˜ fdeff vanishes due to the non-renormalization theorem.
Adding these flavour contributions to the effective potential V SQCDeff , we obtain
V˜ SQCD+fdeff =
[
−2F (t) +G(t, β)
]
+NF
[
−2G(t/2, β) + 2× 2× F (t/2)
]
=
β2
12
[
−3t2 + 6pit− 2pi2 − 1
2
β2 +NF
(3
2
t2 − 6pit+ 4pi2 + β2
)]
.
The −2F (t) + G(t, β), which comes from the gluon and the gaugino, has minima at
θ = 0 (mod pi). On the other hand, −2G(t/2, β) + 2× 2× F (t/2), which comes from the
(s)quark, has minima at θ = pi (mod 2pi). Hence, V˜ SQCD+fdeff has minima at θ = pi (mod
2pi) independent of NF , so that U
inv
g = −12×2. The SU(2) gauge symmetry is not broken
for any numbers of the flavour in the fundamental representation.
3.1.3 Matters in the Adjoint Representation
Next, let us add massive matters in the adjoint representation under SU(2) gauge group
instead of those in the fundamental representation. We denote the superfield as Qadj
which contain adjoint-quark qadjI and adjoint-squark φ
adj
qI . The U(1)R symmetry is defined
as the same way as the matters in the fundamental representation. We take the boundary
conditions of the fields as
qadjI (x, y + L) = Ugq
adj
I (x, y)U
†
g , φ
adj
qI (x, y + L) = e
iβUgφ
adj
qI (x, y)U
†
g . (35)
The effective potential for the non-integrable phases arising from the adjoint-(s)quark
is
V adjeff = V
adj
squarks + V
adj
quarks
= − i
2
(NadjF × 2)
∫
k
Tr ln [DµˆD
µˆ] +
i
2
NadjF × (r2[
D
2
])
∫
k
Tr ln [DµˆD
µˆ], (36)
The computation goes the same as before. We obtain
V˜ adjeff ≡
V adjeff
2/pi2L4
= NadjF
[
−
[
F (t− β) + F (t+ β)
]
+ 2F (t)
]
≡ NadjF
[
−G(t, β) + 2F (t)
]
for 0 ≤ t ≤ 2pi.
The −G(t, β), 2F (t) stand for the squark, quark contributions, respectively. This result
also corresponds to massless limit of the matters as before. The β = 0 restores the
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supersymmetry to yield vanishing effective potential again. The total effective potential
becomes
V˜ SQCD+adjeff =
[
−2F (t) +G(t, β)
]
+NadjF
[
−G(t, β) + 2× F (t)
]
=
β2
12
[
−3t2 + 6pit− 2pi2 − 1
2
β2 +NadjF
(
3t2 − 6pit+ 2pi2 + 1
2
β2
)]
.
For NadjF 6= 1, we find the minimum of the potential is located at θ = pi/2 independent of
NadjF . This means U
inv
g = −iσ3, so that the gauge symmetry is broken to U(1). Even if
we take NadjF →∞, the gauge symmetry is never restored to SU(2). This is very contrary
to the case for the matters in the fundamental representation.
For NadjF = 1, the effective potential vanishes for any values of θ even though β is
non-zero. We can not determine θ dynamically in this case. At this number of flavour,
WA = (Aµˆ, λ) and Q
adj = (φadjq , q
adj) form a massless vector multiplet of N = 2 super
Yang-Mills theory in the 4-dimensions. Note that the effective potential corresponds
to massless limit of the matters. In N = 2 supersymmetry there exists global SU(2)R
symmetry in addition to the usual U(1)R symmetry. Under SU(2)R transformation, λ is
interchanged into qadj and vice versa. The λ and φadjq can form N = 1 chiral superfield
Qadj = (λ, φadjq ) instead of the original N = 1 chiral superfield Q
adj = (qadj , φadjq ) by using
SU(2)R symmetry. The λ and φ
adj
q satisfy the same boundary condition as seen from
(30) and (35). Hence, N = 1 supersymmetry remains to be unbroken though N = 2
supersymmetry is broken by the boundary conditions. The non-renormalization theorem
works by this unbroken N = 1 supersymmetry, so that the effective potential vanishes
even for non-zero values of β.
Finally, let us study the gauge symmetry breaking if we add both matters in the
fundamental representation and those in the adjoint representation. The total effective
potential is given by
V¯ totaleff = V¯
SQCD
eff + V¯
fd
eff + V¯
adj
eff
= −2F (t) +G(t, β) +NF
[
−2G(t/2, β) + 4F (t/2)
]
+ NadjF
[
−G(t, β) + 2F (t)
]
=
β2
12
[
−3t3 + 6pit− 2pi2 − 1
2
β2 +NF
(3
2
t2 − 6pit+ 4pi2 + β2
)
+ NadjF
(
3t2 − 6pit+ 2pi2 + 1
2
β2
)]
.
For (NF , N
adj
F ) = (NF , 0) , (NF , 1), SU(2) gauge symmetry is not broken because U
inv
g
commutes with all the generators of SU(2) in these cases. Note that we can not determine
θ for (NF , N
adj
F ) = (0, 1) because of the vanishing effective potential due to the unbroken
N = 1 supersymmetry. Except for these cases the minimum of the total potential is
located at
θ =
NF +N
adj
F − 1
NF + 2N
adj
F − 2
pi, for 0 ≤ θ ≤ pi.
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We obtain
U invg = cos(
NF +N
adj
F − 1
NF + 2N
adj
F − 2
pi) + iσ3 sin(
NF +N
adj
F − 1
NF + 2N
adj
F − 2
pi), (37)
which commutes with only the third component of the SU(2) generators T 3. Therefore,
SU(2) gauge symmetry is broken to U(1).
Let us study asymptotic behavior of the non-integrable phase θ. For fixedNF , θ → pi/2
as NadjF →∞, so that U invg → −iσ3. The SU(2) gauge symmetry is broken to U(1) in this
limit. While, for fixed NadjF , θ → pi as NF →∞, so that U invg = −12×2. The SU(2) gauge
symmetry is restored in this limit. When NF = N
adj
F → ∞, θ approaches to 2pi/3. The
U invg takes the values of − cos pi/3−iσ3 sin pi/3 in the limit. Hence, SU(2) gauge symmetry
is broken to U(1) in this limit. We depict how the gauge symmetry breaking depends on
number and the representation under the gauge group of the matters in Figure 1.
3.1.4 Effective Lagrangian on M3
Taking into account of the discussions we have made, we obtain the effective lagrangian in
the 3-dimensions. We begin from the N = 1 SQCD in the 4-dimensions and compactify it
on M3 ⊗ S1 with the fields having the boundary conditions (30) and (8) (or (35)). Then,
the effective lagrangian on M3 takes the form of
LN=1SQCD+matters −→ LeffSQCD+matters = L˜N=2SQCD+matters + L˜soft. (38)
The L˜N=2SQCD+matters is the lagrangian of N = 2 supersymmetric gauge theory with SU(2)
or U(1) gauge group in the 3-dimensions. In the 3, 4-dimensional Minkowski space-time,
the dimensions of the Dirac spinor are 2[D/2] = 2, 4, respectively. From the point of
view of the 3-dimensions, N = 1 supersymmetry in the original 4-dimensions raises to
N = 2 supersymmetry in the 3-dimensions by the dimensional reduction. The N = 2
supersymmetry in our effective theory consists of one vector multiplet and one (two) hyper
multiplet(s), which are resulted from N = 1 spinorial chiral superfield WA and N = 1
chiral superfield Qadj(Q,Q), respectively by the dimensional reduction. The SU(2) gauge
symmetry can be broken to U(1) through the dynamics of the non-integrable phases,
depending on number and the representation under the gauge group of the matters.
The L˜soft stands for the soft supersymmetry breaking terms due to the boundary
condition associated with the U(1)R symmetry. Its explicit form is obtained in (10). If
the matters belong to the adjoint representation under SU(2) gauge group, (T a)bc = ifbac,
while if they belong to the fundamental representation, T a = σa/2, where σa is the Pauli
matrices. It should be understood that if the gauge symmetry is broken to U(1), that is,
A33 = Φ
3 takes the non-zero vacuum expectation values, then, physical field of Φa is the
fluctuation around the vacuum expectation value. The effective lagrangian LeffSQCD+matters
is the softly broken N = 2 supersymmetric gauge theory.
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4 Conclusions and Discussions
We have discussed the effects of the boundary conditions of the fields for the compactified
directions on the supersymmetric gauge theory. The supersymmetry can be broken ex-
plicitly by the boundary condition associated with the U(1)R symmetry. The effect of the
breaking become manifest by redefining the fields so as to satisfy the periodic boundary
condition. They turn out to appear as the soft supersymmetry breaking terms in the la-
grangian. The effects are always soft supersymmetry breaking because they are generated
only through the derivative ∂µ in the kinetic terms, where the gauged U(1)R transforma-
tion by UR(y) is not respected as the symmetry of the theory. Remarkable feature is
that the soft supersymmetry breaking terms do not have many arbitrary parameters, but
they depend on an unique parameter β and the gauge coupling. The soft supersymmetry
breaking terms are common to all matters, which are needed to avoid the FCNC. The
supertrace of the squared mass matrix does not vanish because the supersymmetry is bro-
ken explicitly in our case. It should be stressed that these desirable soft supersymmetry
breaking terms are automatically incorporated into the theory by the boundary condition
associated with the U(1)R symmetry.
We have also discussed the effects of the boundary condition associated with the
global gauge symmetry. The effects are interpreted as the constant background gauge
field, which are dynamical degrees of freedom called non-integrable phases for the gauge
field along the compactified direction in a multiply-connected space. Unlike the famous
Aharanov-Bohm effects[15], the non-integrable phases are determined dynamically. We
have shown explicitly that the gauge symmetry can be broken through the dynamics of the
non-integrable phases in the SQCD. The gauge symmetry breaking depends on numbers
and the representation under the gauge group of the matters.
We have begun from the N = 1 SQCD in the 4-dimensions and compactify it on
M3 ⊗ S1 with the fields having the boundary conditions for the S1-direction. As the
result of the effects of the boundary conditions, we have finally obtained the effective
lagrangian on M3, which is the softly broken N = 2 supersymmetric gauge theory. We
can discuss both gauge and supersymmetry breaking in one scheme, say, the boundary
conditions of the fields for the compactified directions.
We have evaluated the effective potential for the non-integrable phases (34), (36) in
the massless limit of the matters. The gauge symmetry breaking through the dynamics
of non-integrable phases are essentially caused by the infrared dynamics of the theory.
The compactness of the extra coordinate S1 shifts the zero point energies for massless
particles, so that the gauge symmetry breaking is induced through the Casimir effect.
If particles are massive, the gauge symmetry breaking may be different from the result
obtained here[17]. It is interesting to study how the massive particle affect the gauge
symmetry breaking in the supersymmetric gauge theory. We are studying the effects
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of the boundary conditions on more realistic higher dimensional supersymmetric gauge
theories. We believe that there are new possibilities for exploring models of softly broken
supersymmetric gauge theories.
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Appendix
In this appendix we present explicit expressions which are omitted in the subsection 2.3.
The 4-dimensional lagrangian for the massive matters is given by
Lmatters =
∑
I
[
Q†Ie
2gV (N)QI +Q
I†
e2gV (N¯)Q
I
]
D
+W (Q,Q)F ,
where the subscripts F,D mean F,D-term, respectively, and W (Q,Q) ≡ mIQIQI . The
g is the gauge coupling constant, and I(= 1, · · · , NF ) stands for flavour index. The
V (N) ≡ V aT a, (V (N¯) ≡ V aT a) is the vector superfield in the Wess-Zumino gauge. The
T a(a = 1, · · · , N2 − 1) is the generator of the gauge group, and T a ≡ −T aT = −T a∗.
Under the supersymmetric transformations δξ defined by
δξφqI =
√
2ξqI , δξφ
I
q =
√
2ξqI ,
δξqI =
√
2ξFqI +
√
2iσµˆξ¯DµˆφqI , δξq
I =
√
2ξF Iq +
√
2iσµˆξ¯Dµˆφ
I
q ,
δξFqI =
√
2iξ¯σ¯µˆDµˆφqI + 2gξ¯λ¯φqI , δξF
I
q =
√
2iξ¯σ¯µˆDµˆφ
I
q + 2gξ¯λ¯φ
I
q ,
the lagrangian varies as Lmatters = ∂µˆX µˆmatters, where X µˆmatters ≡ X µˆQ+X µˆQ is calculated as
X µˆQ =
∑
I
[
igξσµˆλ¯a(φ†qIT
aφqI) +
i√
2
ξσµˆq¯IFqI +
1√
2
ξσµˆσ¯νˆqI(DνˆφqI)
†
+
√
2imI ξ¯σ¯
µˆqIφ
I
q
]
+ h.c.
and
X µˆ
Q
=
∑
I
[
igξσµˆλ¯a(φI†q T
a
φIq) +
i√
2
ξσµˆq¯IF Iq +
1√
2
ξσµˆσ¯νˆqI(Dνˆφ
I
q)
†
+
√
2imI ξ¯σ¯
µˆqIφqI
]
+ h.c. .
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The lagrangian Lmatters contains the kinetic terms for the quarks and the squarks. Their
covariant derivatives are given by
DµˆφqI = ∂µˆφqI − igT aAaµˆφqI , DµˆqI = ∂µˆqI − igT aAaµˆqI ,
Dµˆφ
I
q = ∂µˆφ
I
q + igφ
I
qT
aAaµˆ, Dµˆq
I = ∂µˆq
I + igqIT aAaµˆ.
The derivative ∂µˆ in the covariant derivatives do not respect the symmetry of the theory
under the gauged U(1)R transformation by UR(y) = e
i β
L
y. The supersymmetry breaking
terms are generated only through the derivative as discussed in the text.
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This figure shows how the gauge symmetry breaking depends on number and the repre-
sentation under SU(2) gauge group of the matters. The
⊗
stands for the gauge symmetry
breaking to U(1). On the other hand, © stands for the unbroken SU(2) symmetry. At
the point (NF , N
adj
F ) = (0, 1) denoted by × in the figure, we have unbroken N = 1
supersymmetry. Details are discussed in the text.
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